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We investigate the gluon, ghost and quark propagators in the Landau gauge with dynamic quarks.
We perform a one-loop calculation in a model where the standard Faddeev-Popov Lagrangian is
complemented by a mass term for the gluons which is seen as a minimal way of taking into account
the effect of the Gribov copies. The analytic results are compared with lattice data obtained in
four dimension and for two, three and four quark flavors. The gluon and ghost propagators are
reproduced with a few percent accuracy in the whole range of accessible momenta. The scalar
part of the quark propagator is found to be in good agreement with the lattice data. However,
the quark renormalization is poorly described. We attribute this discrepancy to the fact that the
one-loop corrections to this quantity are unusually small so that the two loop contribution can not
be discarded. The results are expressed in terms of the coupling, the gluon mass and the light quark
mass at 1 GeV.
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I. INTRODUCTION
It is well-known that the Faddeev-Popov construc-
tion, which is the standard analytic method for fixing
the gauge, is not sufficient in order to treat the infrared
regime of QCD. The problem originates in the existence
of Gribov copies [1] which are ignored in the Faddeev-
Popov construction. Gribov copies do not play any role
in the ultraviolet regime. For that reason, the Yang-Mills
action complemented by the Faddeev-Popov action is a
good starting point to analyze both gauge-invariant and
non-invariant quantities at momentum scales much big-
ger than 1 GeV. However, at low momenta the question of
how to include the effect of Gribov copies in a Lagrangian
still remains unsolved even though some ideas have been
already developed. Among those, the most popular is
probably the Gribov–Zwanziger proposal [2–5]. It con-
sists in restricting the functional integral to the first Gri-
bov region by adding several new fields. Unfortunately it
was shown in [6] that the first Gribov region also includes
many Gribov copies so that the Gribov ambiguity is not
completely removed. Moreover, the Gribov-Zwanzinger
procedure relies on some formal manipulations that are
not fully justified from first principles.
In the past decades, lattice simulations improved con-
siderably and became the most reliable technique to de-
scribe the infrared region of QCD [7]. In particular,
quenched lattice simulations in Landau gauge [8–14] and
unquenched simulations [15, 16] have demonstrated that
the gluon propagator acquires a finite value at low mo-
mentum, contrary to the original belief. Numerical sim-
ulations succeeded in convincing the community that, in
this gauge, the gluon propagator behaves in the IR as if
it was massive.
Even before that, the infrared regime was studied
through several semi-analytical methods, among which
the more popular were based on Dyson-Schwinger (DS)
equations. Depending on the precise implementation,
two solutions were observed, called scaling and decou-
pling (or massive) solutions. The scaling solution is char-
acterized by a gluon propagator that vanishes as a power
law at low momentum [4, 17–21]. On the other hand, the
decoupling solution corresponds to a finite gluon propa-
gator [21–28], in agreement with lattice results.
Acknowledging the fact that no analytic method can
deal with the Gribov ambiguity in a fully consistent way,
two of the authors have proposed an alternative strat-
egy to study analytically the IR regime of the theory.
The idea relies on working with the simplest Lagrangian
which reproduces lattice results. To account for the de-
coupling solution observed on the lattice in a minimal
way, the Faddeev-Popov Lagrangian is complemented by
a mass term for the gluons. In euclidean space, the La-
grangian density reads:
L =1
4
F aµνF
a
µν + ∂µc¯
a(Dµc)
a + iha∂µA
a
µ
+
m2
2
AaµA
a
µ +
Nf∑
i=1
ψ¯i(γµDµ +Mi)ψi,
(1)
where g is the coupling constant, γµ are euclidean Dirac
matrices satisfying {γµ, γν} = 2δµ,ν , the flavor index i
runs over the Nf quark flavors and
F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν ,
(Dµc)
a = ∂µc
a + gfabcAbµc
c,
Dµψ = ∂µψ − igAaµtaψ.
2The latin indices correspond to the SU(N) gauge group,
ta are the generators of the algebra in the fundamental
representation and fabc are the structure constants.
The model described by Eq. (1) is a particular case of
the Curci-Ferrari model [29]. It is well known that the
mass term violates the BRST symmetry of the Faddeev-
Popov Lagrangian. However, it is still symmetric under
a modified BRST symmetry responsible for its renormal-
izability. This Lagrangian can also be motivated from
first principles by taking into account Gribov copies [30].
A great advantage of the phenomenological model de-
scribed by Eq. (1) is that it is very simple and allows
to perform perturbative calculations very easily. More-
over, we found [31, 32] that there exist renormalization
schemes in which the coupling constant remains finite at
all momentum scales. The absence of Landau pole allows
us to implement perturbation theory even in the infrared
regime. The quenched one-loop calculations for the two-
point [31, 32] and three-point [33] correlation functions
compare very well with lattice simulations. The previous
model was also used for studying the two-point correla-
tion functions at finite temperature [35] where it repro-
duces at a qualitative level the properties of the gluon
and ghost propagators.
In this article, we pursue our systematic comparison
of the correlation functions obtained within the model
(1) with those extracted from lattice simulations. We in-
clude here dynamical quarks and compute, at one loop,
the two-point correlation function for the gluon, ghost
and quark, for arbitrary dimension, number of colors (N)
and flavors (Nf ). The rest of the article is organized as
follows. In Sect. II, we discuss the 1-loop calculation
for the gluon and ghost propagators which are expressed
in terms of Passarino-Veltman integrals [36]. We present
our results in arbitrary dimension and give explicit ex-
pressions in the physically relevant case d = 4. Sect. III
is devoted to the quark propagator. In Sect. IV we in-
troduce the renormalization schemes and discuss the im-
plementation of the renormalization group. In Sect. V
we perform a comparison of lattice correlation functions
with our unquenched perturbative results in the gluon
and ghost sector. We focus on N = 3 with two light de-
generates quarks (Nf = 2) and with two light quarks and
two heavier quarks (Nf = 2+1+1). In Sect. VI we work
with Nf = 2 + 1. The quark propagator was extracted
from lattice simulations in this case, which enables us to
make a comparison with our analytical results. Finally, in
Sect. VII we estimate the two-loop contributions which
gives an indication of the error bars on our results.
II. UNQUENCHED GLUON AND GHOST
PROPAGATOR
The gluon and ghost propagators have been extensively
studied in lattice simulations, both in the quenched and
unquenched case. It is found that the addition of the
sea quarks does not change qualitatively the behavior of
both propagators. It however tends to lower the plateau
observed at small momenta for the gluon propagator.
We parametrize the gluon and ghost 2-point vertex
functions in the following way
Γ
(2)
AaµA
b
ν
(p) = δab
[
Γ⊥(p)P⊥µν(p) + Γ
‖(p)P ‖µν (p)
]
, (2)
Γ
(2)
cacb
(p) = δab
p2
J(p)
, (3)
where P⊥µν and P
‖
µν are the transverse and parallel pro-
jector respectively, defined as:
P ‖µν(p) =
pµpν
p2
and P⊥µν(p) = δµν − P ‖µν(p).
In linear covariant gauges and in particular in the lin-
ear version of the Landau gauge without the inclusion of
the mass term, the gluon self-energy is transverse. Here,
the longitudinal part is non-zero but it is controlled by
a non-renormalization theorem (see [32]). It is impor-
tant to stress, however, that this longitudinal part has no
impact on the gluon propagator, which is transverse in
Landau gauge even in presence of the mass term. Similar
remarks apply to higher vertex functions, that contains
longitudinal parts, but which do not contribute to the
corresponding correlation functions. The function J(p)
(usually called the dressing function of the ghost) and
the Γ⊥(p) (the transverse part of the two-point gluon
vertex, related to the gluon dressing function p
2
Γ⊥(p) ) ex-
plicitly appear in the ghost and gluon propagators and
are therefore of special interest in order to compare our
calculations with lattice results. As the longitudinal part
of the two-point gluon vertex is not directly accessible in
lattice simulations, we do not describe it here.
At one-loop, the gluon and ghost two-point vertex
functions are given by the diagrams shown in Fig. 1.
Most of these diagrams were already computed in [31]. In
FIG. 1: First line: four diagrams contributing to the gluon
self-energy. Second line: diagram contributing to the ghost
self-energy
what concerns the gluon propagator, we just need here to
compute the diagram with a quark loop (fourth diagram
of Fig. 1), which can be expressed in terms of Passarino-
Veltman integrals as
Γ⊥1loop,4(p) =
2g2Tf
(d− 1)
{
[4M2 − (d− 2)p2]B0(p,M,M)
+2(d− 2)A(M)} ,
(4)
3where the index 4 represents the fourth diagram in Fig. 1
and Tf is defined by Tr(t
atb) = Tfδ
ab (in the fundamen-
tal representation, Tf = 1/2). The A and B0 functions
are the analogue of Passarino-Veltman integrals [36] in
euclidean space:
A(m1) =
∫
ddq
(2π)d
1
q2 +m21
B0(p,m1,m2) =
∫
ddq
(2π)d
1
q2 +m21
1
(q + p)2 +m22
Each quark flavor contributes to the gluon vertex and it is
therefore necessary to sum this diagram over the flavors,
with M replaced by the corresponding quark mass. We
have checked that (4) coincides with the expression of [37]
when the quark mass is set to zero.
In d = 4 − ǫ, the diagram can be expressed in a com-
pletely analytical form:
Γ⊥1loop,4(p) =
g2Tfp
2
6π2
{
− 1
ǫ
+ log
(
Meγ/2√
4π
)
− 5
6
+ 2t
+ (1− 2t)√4t+ 1 coth−1 (√4t+ 1)}+O(ǫ)
where t = M
2
p2 .
At one loop, the ghost propagator is the same as in
the quenched situation due to the non-existence of a
ghost-quark vertex. However, the ghost dressing func-
tion will be indirectly influenced by the quarks through
the renormalization-group flow of the coupling constant
and gluon mass.
III. QUARK PROPAGATOR
The one-loop contribution to the quark two-point ver-
tex involves only one diagram which is shown in Fig. 2.
It has two independent structures in Dirac indices and is
therefore parametrized by two scalar functions:
Γ
(2)
ψψ¯
(p2) = Z−1(p)
(
i/p+M(p)
)
Both M(p) and Z(p) have been determined in lattice
simulations.
FIG. 2: diagram contributing to the quark two point vertex
This diagram is expressed in terms of Passarino-
Veltman integrals as follows:
Γ
(2)
ψψ¯,1loop
(p2) = g2(d− 1)MB0(p,m,M)
− i/p g
2Cf
2m2p2
{[
(2− d)m4 + (d− 3)m2(M2 − p2)
+ (M2 + p2)2
]
B0(p,m,M)
+ (M2 + p2)2B0(p, 0,M) +A(m)[(2 − d)m2
−M2 − p2] + (d− 2)m2A(M)
}
,
where Cf is defined by t
ata = Cf 1 . (In the fundamental
representation, Cf =
N2−1
2N .) The previous expression
coincides with that of [38] when the gluon mass m is set
to zero.
In d = 4− ǫ, the diagram takes the analytical form:
Γ
(2)
ψψ¯,1loop
(p2) =
−i/pg2Cf
64π2m2p4
{
k2
[
2m4 +m2(p2 −M2)
−(M2 + p2)2]Q− 2m2p2(−2m2 +M2 + p2)
− 2[2m6 + 3m4(p2 −M2) + (M2 + p2)3] log
(
M
m
)
− 2(M2 + p2)3 log
(
M2 + p2
M2
)}
+
3g2CfM
8π2
{
− 1
ǫ
+ log
(
meγ/2√
4π
)
− 2
3
− k
2
4p2
Q+
1
2p2
(m2 −M2 + p2) log
(
M
m
)}
+O(ǫ)
with:
k2 =
√
m4 + 2m2(p2 −M2) + (M2 + p2)2,
Q = log
[
(k2 − p2)2 − (M2 −m2)2
(k2 + p2)2 − (M2 −m2)2
]
.
(5)
It is worth to be mentioned that, at one loop, the field
renormalization (the part proportional to /p in the previ-
ous expression) is finite. In fact, it even vanishes in the
limit of vanishing gluon mass.
IV. RENORMALIZATION AND
RENORMALIZATION GROUP
A. Renormalization scheme
In four dimensions most of the expressions presented
above are divergent. In order to absorb these divergences,
we redefine the coupling constant, masses and fields by
introducing renormalization factors:
Aaµ0 =
√
ZAA
a µ, ca0 =
√
Zcc
a, ψa0 =
√
Zψψ
a, c¯a0 =
√
Zcc¯
a,
g0 = Zgg m
2
0 = Zm2m
2 M0 = ZMM
4The index 0 represents the bare quantities and for now
on, when not specified, all quantities are the renormalized
ones.
The renormalization constants are redefined in the
infrared-safe (IS) scheme:
Γ⊥(p = µ) = m2 + µ2, J(p = µ) = 1,
Z(p = µ) = 1, M(p = µ) = M,
Zm2ZAZc = 1, Zg
√
ZAZc = 1. (6)
The IS scheme is convenient because it does not present
a Landau pole [32]. It combines the Taylor scheme [40]
and a non-renormalization theorem for the gluon mass,
conjectured in [39], and proved in [41–43].
The explicit expressions for the renormalization factors
are given in [32] for Nf = 0 and for arbitrary Nf their
divergent parts match in Landau gauge with the results
presented in [39].
B. Renormalization Group
The renormalization procedure leads to finite expres-
sions for the vertex functions. However, as is well known,
these expressions are hampered by large logarithms and
we have to implement the renormalization-group proce-
dure to control perturbation theory. The β functions and
anomalous dimensions of the fields are:
βg(g,m
2, {Mi}) = µ dg
dµ
∣∣∣
g0,m20,Mi,0
,
βm2(g,m
2, {Mi}) = µdm
2
dµ
∣∣∣
g0,m20,Mi,0
,
γA(g,m
2, {Mi}) = µd logZA
dµ
∣∣∣
g0,m20,Mi,0
,
γc(g,m
2, {Mi}) = µd logZc
dµ
∣∣∣
g0,m20,Mi,0
,
βMi(g,m
2, {Mi}) = µdMi
dµ
∣∣∣
g0,m20,Mi,0
,
γψi(g,m
2, {Mi}) = µd logZψi
dµ
∣∣∣
g0,m20,Mi,0
.
For completeness, we give here the contribution of the
quarks to the various β and γ functions:
γquarksA =
Nf∑
i=1
g2Tf
π2
{ t− 6
6t
−
2 log
(√
t+4−√t√
t+
√
t+4
)
√
t3(t+ 4)
}
γψ =
g2Cf
16π2m2µ4
{
m2µ2
(
4m2 − 2M2 + µ2)
+
[− 2 (2m6 − 3m4M2 +M6)− 3µ2 (M4 +m4)+ µ6]
× log
(
M
m
)
+
(−2M6 − 3M4µ2 + µ6) log
(
M2 + µ2
M2
)
+
1
2k2
[
2(m2 −M2)3(2m2 +M2)
+ µ2(m2 −M2)(7m4 + 6m2M2 + 5M4)
+µ4
(
3m4 − 2m2M2 − 3M4)+ µ6 (m2 +M2)+ µ8]Q}
βM = Mγψ +
3g2CfM
8π2
{
−u2 + (m2 −M2) log
(
M
m
)
− 1
2k2
(
m4 +m2
(
u2 − 2M2)+M2 (M2 + u2))Q
}
where Q is the expression appearing in Eq. (5) with p
replaced by the renormalization-group scale µ. As dis-
cussed above, the ghost 2-point function is not affected
by the quarks at one loop so that γc is not modified and
we recall that, in the IS scheme, βm2 = m
2(γA + γc) and
βg = g(γA/2 + γc).
We can then use the RG equation for the vertex func-
tion with nA gluon legs, nc ghost legs and nψ quark legs:
(
µ∂µ−1
2
(nAγA + ncγc + nψγψ)
+ βg∂g + βm2∂m2 +
∑
i
βMi∂Mi
)
Γ(nA,nc,nψ) = 0,
to relate these functions at different scales, giving:
Γ(nA,nc,nψ)({pi}, µ, g(µ),m2(µ), {Mi(µ)}) =
zA(µ)
nA/2zc(µ)
nc/2zψ(µ)
nψ/2
× Γ(nA,nc,nψ)({pi}, µ0, g(µ0),m2(µ0), {Mi(µ0)}).
Here g(µ), m2(µ) and Mi(µ) are obtained by integration
of the beta functions with initial conditions given at some
scale µ0 and:
log zA(µ) =
∫ µ
µ0
dµ′
µ′
γA
(
g(µ′),m2(µ′),M(µ′)
)
,
log zc(µ) =
∫ µ
µ0
dµ′
µ′
γc
(
g(µ′),m2(µ′),M(µ′)
)
,
log zψ(µ) =
∫ µ
µ0
dµ′
µ′
γψ
(
g(µ′),m2(µ′),M(µ′)
)
.
Note that each quark mass Mi has its own βMi function
that must be integrated. In our 1-loop calculation, the
flow of Mi does not depend on all the quark masses but
only on Mi itself. As the infrared safe scheme does not
present a Landau pole the RG scale µ will be chosen as
µ ≃ p for a correlation function with typical momentum
p in order to avoid large logarithms.
5V. RESULTS FOR THE GLUON AND GHOST
SECTORS
In this section we compare the gluon and ghost prop-
agator obtained in our one-loop analytical expressions
and in lattice simulations, for SU(3) with Nf = 2 and
Nf = 2 + 1 + 1.
When comparing our findings with the lattice data, we
have to fix the initial conditions of the renormalization-
group flow. These quantities were considered here as fit-
ting parameters and were chosen to minimize simultane-
ously the relative error for the gluon and ghost propaga-
tors, respectively defined as:
χ2AA =
1
N
∑
i
Γ⊥lt.(pi)
2
(
1
Γ⊥lt.(pi)
− 1
Γ⊥th.(pi)
)2
χ2cc =
1
N
∑
i
J−2lt. (pi) (Jlt.(pi)− Jth.(pi))2
There are only few parameters to choose in the fitting
procedure. They correspond to the initial conditions at
some scale µ0 of the coupling constant and masses in the
renormalization-group flow. In the Nf = 2 + 1 + 1 case
there are a priori three quark masses to fit. However
we fixed, in the initial condition, the middle and heavy
quarks to be twice and 20 times heavier than the lightest
one (to obtain the same mass ratios as obtained from the
lattice at two GeV). Therefore we have to fit only three
parameters: the coupling constant, the gluon mass and
the light quark mass, all at some renormalization scale
(we choose µ0 = 1 GeV here).[47]
For Nf = 2, the best fits were obtained for g = 4.5,
m = 0.42 GeV and Mu,d = 0.13 GeV. The corresponding
gluon and ghost propagators are depicted in Fig. 3. For
Nf = 2 + 1 + 1, the best fits were obtained for g = 5.3,
m = 0.56 GeV and Mu,d = 0.13 GeV. The corresponding
gluon and ghost propagators are shown in Fig. 4. The
comparison is very satisfactory, with an error of at most
three percent. Similar precisions were already obtained
in the quenched situation, see [31–33].
It is important to stress that a priori we have three
parameters to fix but, in fact, in QCD, once the scale is
fixed, the coupling constant should not be arbitrary. At
a given scale, its value should be compatible to the RG
evolution from the known value (for example, at the Z0
mass scale). We verified that the RG evolution from the
coupling g = 5.3 to the Z0 mass scale gives a coupling
at that scale of g = 1.4 to be compared to g = 1.2274
(see, for example [34]). In order to arrive to this scale we
had to use the bottom mass scale 4.2 GeV above where
we took into account a fifth quark in the running of the
coupling. This gives a 17% error on the coupling that is
more or less the overall 1-loop calculation. This is similar
to the corresponding calculation done in the quenched
case [32]. In this sense, the coupling constant is not a
free adjustable parameter. However, in order to study
the infrared, it is more convenient to fit the coupling at
scales of the order of 1 GeV.
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FIG. 3: Gluon dressing function (top) and ghost dressing
function (bottom) as a function of momentum in d = 4 for
Nf = 2. The points are lattice data of [44].
The contribution of the new diagram with an internal
loop of quark is not strong enough to modify consider-
ably the infrared behavior of the propagators due to the
IR-safe structure of the quark propagator. Moreover the
optimal values of the coupling constant and the gluon
mass do not depend on slight changes in the quark mass.
That means that the error for the gluon and ghost prop-
agators do not change significantly if we change the value
of the light quark mass slightly. Fig. 5 shows the contour
regions for the errors. The contour regions are vertical,
showing that the quality of the fit is almost insensitive
to the quark mass (vertical axes). As expected, if the
quark mass considerably increases at values of the order
of the GeV, the propagators tend to those obtained in
the quenched approximation.
It is interesting to compare the results obtained for the
gluon propagator and the ghost dressing function at one
loop for different number of quarks. In Fig. 6 we present
the gluon propagator and the ghost dressing function for
Nf = 2 and Nf = 2 + 1 + 1. To compare their infrared
behaviors, we normalized the curves such that they co-
incide at 4 GeV. As was observed in lattice simulation
[15, 45], the addition of heavy quarks leads to a suppres-
sion of the IR saturation point [48]. We also see that the
ghost dressing function is enhanced.
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FIG. 4: Gluon dressing function (top) and ghost dressing
function (bottom) as a function of momentum in d = 4 for
Nf = 2 + 1 + 1. The points are lattice data of [45].
VI. RESULTS IN THE QUARK SECTOR
We computed the quark propagator for arbitrary num-
ber of flavors but as the only available data for the quark
sector corresponds to two degenerates light quarks plus a
heavy one (Nf = 2+1), we show the results only for this
case. As in the previous section, we fixed the ratio of the
light and heavy quarks to the ratio of the bare masses
used in lattice simulations. Accordingly, in the present
case, we fix the mass of the heavy quark to be five times
heavier than the light one at µ0 = 1 GeV.
As discussed in the previous section, the fits of the
gluon and ghost propagators are rather insensitive to the
choice of the quark mass (see Fig. 5). However our results
for Mu,d(p) depend strongly on this parameter. There-
fore we fixed the fitting parameters by minimizing simul-
taneously the error on the gluon propagator and on the
function Mu,d(p), χM . (Note that the ghost propagator
was not extracted from lattice simulations for Nf = 2+1
and could not be used for fixing the parameters, see be-
low.) It is defined as
χ2M =
1
N
∑
i
M−2th. (µ0) (Mlt.(pi)−Mth.(pi))2 (7)
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FIG. 5: Contour levels for the quantities χAA (left) and χcc¯
(right) for d = 4, both for Nf = 2 (above) and Nf = 2+1+1
(below). The contourlines correspond to 8%, 10% and 12 %
(top left), 1.5%, 2% and 2.2 % (top right), 3%, 6% and 10 %
(bottom left), 1%, 2% and 4% (bottom right).The quality of
the fits is almost insensitive to the value of the quark mass.
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FIG. 6: Gluon dressing function (top) and ghost dressing
function (bottom) for different number of flavors in d = 4
7Note that we used a slightly different definition of the
error. The reason is that the mass function becomes
rapidly close to zero when the momentum grows. Ac-
cordingly a relative error point by point would be badly
estimated because the signal to noise ratio of lattice data
becomes of order one. In order to avoid this problem we
normalized the data with a typical value of the mass in
the infrared (at the scale µ0).
The best fit parameters are g = 4.8, m = 0.42GeV and
Mu,d = 0.08 GeV at µ0 = 1 GeV. We insist on that the
coupling and gluon mass are fixed from the gluon propa-
gator and once this is done, we fixed the mass parameter
from the scalar part of the quark propagator. The results
obtained are shown in Fig. 7. The gluon propagator is
again reproduced with an accuracy similar to that ob-
tained for Nf = 2 and Nf = 2 + 1 + 1.
The one-loop results for Mu,d(p) compare correctly
with lattice simulations. In particular we retrieve the
dramatic increase of the mass at a momentum scale of
the order of 2 GeV. We want to stress that we could
have a perfect fit of Mu,d(p), but in doing so we would
spoil the quality of the gluon propagator. Instead, we
choose to maintain the quality of the gluon propagator
at the prize of a not-so-good quark mass curve. In the
Fig. 8 it is shown that there is a region of parameters
where the fit is excellent (see Fig. 9), but we insist in
using a value of the coupling compatible with a good fit
for the gluon dressing function. The ghost dressing func-
tion was not extracted from lattice data and we can not
test our findings in this case. However, we expect that
this function is rather insensitive to the inclusion of a
heavy quarks. Under this hypothesis, it is interesting to
compare our findings with the ghost dressing function for
Nf = 2 + 1 + 1. We find fits (not shown) of the same
quality as in the previous section. For completeness, we
also compare the mass functions for the light and heavy
quarks in Fig. 10.
If the one-loop correlation functions compare very well
for the ghosts, gluons propagators and correctly for the
function Mu,d(p), the results for the quark renormaliza-
tion function Zu,d(p) is not of the same quality [49], as
can be seen in Fig. 11. We attribute this mismatch to
the fact that the one-loop contribution to this function
is unusually small. This is a consequence of the fact
that, when the mass of the gluon is zero, Zu,d(p) has no
contribution at one loop but it does have contributions
at two-loops. In this situation, the two-loop contribu-
tions are not negligible and we do not expect a one-loop
calculation to be sufficient for describing the character-
istics of the field renormalization of the quarks. In the
next section, we estimate the contribution of the two-
loop diagrams and show that they have a small impact
on our findings for the ghost and gluon propagators and
on Mu,d(p) but that they give a large contribution to
Zu,d(p).
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FIG. 7: Gluon dressing function (top) and quark mass
Mu,d(p) (bottom) in d = 4 for Nf = 2 + 1. The parame-
ters are g = 4.8, m = 0.42 GeV and M = 0.08. The points
are lattice data of [15, 46].
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FIG. 8: Contour levels for the quantity χM . The contourlines
correspond to 10%, 20% and 30 %.
VII. PRELIMINARY ESTIMATE OF
TWO-LOOP CONTRIBUTION
The results presented in Fig. 11 show that first order
perturbation theory is not enough to reproduce the be-
havior of the Z(p) in the Landau gauge. For this reason
we want to estimate the importance of two loop correc-
tions. Ideally, we should compute all the two-loop dia-
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FIG. 9: Quark mass Mu,d(p) in d = 4 for Nf = 2 + 1. The
parameters are g = 9.6, m = 1.4 GeV and M = 0.13 GeV.
The points are lattice data of [15, 46].
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FIG. 10: Quark masses of the light (full line, red) and heavy
(dashed, black) quark.
grams and repeat the analysis performed above. Obvi-
ously this work exceeds the purpose of the present article.
Instead we use a cartoon expression of the two-loop
β functions (let us call it hybrid expression) obtained
by complementing the β functions and anomalous di-
mensions derived here at one loop with the ultraviolet
two-loop contribution computed in [39] with a standard
(massless) Faddeev-Popov Lagrangian. To take into ac-
count the suppression of massive contribution at low mo-
menta, the ultraviolet two-loop contributions have to be
appropriately regularized in that regime [50]. Here we
choose to modify the anomalous dimension presented in
[39] in a minimal way by multiplying them by:
µ2
µ2 + s2
This factor goes to one in the UV limit where the whole
expression matches with [39]. On the other hand, in the
infrared regime it goes to zero as µ2, as expected. In the
following, we present our results for s = 1 GeV but we
checked that we obtain the same conclusions by changing
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FIG. 11: Zu,d(p) in d = 4. The points are lattice data of [46].
the parameter in the range 0.5—2 GeV.
We have performed a fit of the lattice data with this
hybrid flow equations. The best fits were obtained for
g = 3.4, m = 0.4 GeV and M = 0.08 GeV, again de-
fined at µ0 = 1 GeV. These fits are depicted in Fig. 13,
in the center of the shaded areas. We estimate the er-
ror coming from neglecting the 2-loop contribution as the
difference between the best fit in the hybrid model and in
the purely one-loop calculation. In the Fig. 13 the hybrid
calculation is taken as the central value (that includes a
rough estimate of the two-loop contributions) and the
error band estimated as explained just before is repre-
sented by the shaded area. We clearly see that higher
corrections for the gluon propagator are small and com-
patible with the discrepancy between our one-loop results
and the lattice data. The two-loop contribution to the
function M(p) is small but does not seem sufficient to
make the one-loop results compatible with lattice data.
This could be related with the spontaneous breaking of
chiral symmetry which was not treated here. Finally, the
corrections to Z(p) are large and can explain the discrep-
ancy between the lattice data and the 1-loop results. As
mentioned in the previous section, this last function is
therefore more difficult to describe and it is necessary to
go to next to leading order to find a satisfactory match-
ing.
VIII. CONCLUSIONS
In this article, we presented a one-loop calculation of
the two-point correlation functions of QCD in the Lan-
dau gauge. The effect of the Gribov copies is minimally
encoded in a mass term for the gluons. We find that the
gluon and ghost propagators are reproduced with high
precision. We estimate the higher order corrections to
be small which seems to indicate that the Curci-Ferrari
model reproduces well the lattice data.
On the other hand, one loop calculations are not
enough to describe properly all the properties of the
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FIG. 12: Gluon dressing function (top), quark mass
M(p)(middle) and Z(p) (bottom) in d = 4 using the hybrid
approximation. The points are lattice data of [15, 46].
quark sector. The one loop contribution to Zu,d(p) func-
tion is very small and it vanishes if the gluon mass goes
to zero in Landau gauge. That is why the two loops
contributions are important and we have to take them
into account if we want to quantitatively reproduce the
Zu,d(p) function behavior.
The mass of the quark is correctly reproduced even
though the accuracy is not as good as it is for the gluon
sector. It is even unclear if a perfect matching for this
quantity by such a simple one-loop calculation is possible
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FIG. 13: Gluon dressing function (top), quark mass Mu,d(p)
(middle) and Zu,d(p) (bottom) as a function of momentum
in d = 4. In red the hybrid calculation results (see text) and
in black the one loop calculation and the symmetrized one
loop results with respect to hybrid calculation. The points
are lattice data of [44] and [15, 46].
given that we have not studied the influence of the chiral
symmetry breaking. This analysis remains for a future
work.
As we discuss in the article, computing the two loop
contribution can help to estimate the validity of pertur-
bation theory in this model. That is why we are consid-
ering in doing the two loop calculation completely.
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